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Completely magic, Lupe and diamond
properties of number squares
Kazuo Azukawa
Abstract. For any odd p = A2 + B2 with A,B ∈ N such that
(A,B) = 1, we define completely magic and Lupe properties of a p-
square matrix with values 0, . . . , p2−1; furthermore, if p = (B+1)2+
B2, B ∈ N, then we define diamond property. For any such p, we
give a construction of a p-square matrix satisfying such properties.
Finally we discuss the uniqueness of such a p-square matrix in the
case of p = 5.
1. Magic squares and Latin squares
We start with the definitions.
Definition. For an interger p ≥ 3, amagic p-square is a p-square matrix
whose entries are all of 0, . . . , p2−1 such that all rows and all columns have
the same sum cp :=
p(p2 − 1)
2
, called the magic sum. A magic p-square
is called complete if all 2p general diagonals also have the sum cp.
Remark. Customarily a magic p-square is used the numbers 1, . . . , p2 in
stead of 0, . . . , p2− 1, with magic sum cp+ p, and is added a condition that
the two main diagonals also have the sum cp + p.
The advantage of our definition using numbers 0, . . . , p2−1 in stead of
1, . . . , p2, is that we can use the p-adic system for representing the numbers
0, . . . , p2 − 1, those which are represented by two-digited p-adic numbers.
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For example, the magic square
M =
 3 8 12 4 6
7 0 5

is represented by 3M1 +M2, where
M1 =
 1 2 00 1 2
2 0 1
 , M2 =
 0 2 12 1 0
1 0 2
 .
The square
M +
 1 1 11 1 1
1 1 1
 =
 4 9 23 5 7
8 1 6

is familiar as the Chinese magic square, using usual nine numbers 1, . . . , 9.
Definition. For an integer p ≥ 2, a Latin p-square is a p-square matrix
whose entries are 0, 1, . . . , p−1 such that in every row and in every column
all numbers 0, 1, . . . , p− 1 appear.
The matrices M1 and M2 above are Latin squares. We give another ex-
ample. If
M1 :=

0 1 2 3 4
2 3 4 0 1
4 0 1 2 3
1 2 3 4 0
3 4 0 1 2
 and M2 :=

0 1 2 3 4
3 4 0 1 2
1 2 3 4 0
4 0 1 2 3
2 3 4 0 1
 ,
then, the 5-square matrix M := 5M1 +M2 is a complete magic square.
Furthermore, it is easily seen that M possesses the following property: If
one puts a Lupe on any 2-square L in M, then the sum of the numbers
appear on L is calculated by c5 −mi+3,j+3 = 60−mi+3,j+3, where
L =
[
mij mi,j+1
mi+1,j mi+1,j+1
]
.
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Here, indices are considered in the sense of mod 5. This property may be
called the Lupe one. We note that 5 = 22 + 12.
2. Lupe property
From now on, we assume that
(1) p = A2 +B2 : odd, A,B ∈ N, (A,B) = 1, A > B.
For examle, for every n ∈ N, the number p = (2n)2 + 12, satisfies (1).
Moreover, every diamond number, which is a number p = (B+1)2+B2
with B ∈ N, also satisfies the assumption (1), which will be studied in
Section three.
For α ∈ Z, let r(α) be the residue of α as α is divided by p; therefore,
r(α) ∈ {0, . . . , p− 1}. For α, β ∈ Z with α < β, denote
[α, β]p := {r(γ)|γ ∈ Z, α ≤ γ ≤ β}.
Specially, [1, p]p = {0, . . . , p − 1}. From now on, we consider a p-square
matrix M with values in a set X as a mapping from [1, p]2p into X.
Definition. A pair (P,Q) of an A-square P = [α, α+A−1]p×[β, β+A−1]p
and a B-square Q = [γ, γ+B−1]p× [δ, δ+B−1]p in [1, p]2p is called (A,B)-
symmetric if
(2) γ − α ≡ δ − β ≡ A(A+ 1)
2
+
B(B − 1)
2
(mod p).
Definition. A p-square matrix M : [1, p]2p → {0, . . . , p − 1} (resp. M :
[1, p]2p → {0, . . . , p2−1}) is said to be of Lupe property if for any (A,B)-
symmetric pair (P,Q) in [1, p]2p, the imageM(P ∪Q) = {0, . . . , p−1} (resp.
the sum of all numbers appear in M(P ∪Q) is cp).
Definition. A p-square matrix M : [1, p]2p → {0, . . . , p − 1} is called a
complete Latin square if it is Latin and if for any general diagonal D of
[1, p]2p, the image M(D) = {0, . . . , p− 1}.
Lemma 1. Let A,B satisfy (1). Then, the equation
bA− aB = 1 (resp. bA− aB = −1)
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on (a, b) ∈ {1, . . . , A− 1} × {0, . . . , B} has a unique solution (a1, b1) (resp.
(a2, b2)).
Proof. To prove the existence, let
B
A
=
1
c1
+
1
c2
+ · · ·+ 1
cn
be the continued fraction expansion of the rational number B/A with cn ≥
2, and set the last-minus-first approximant by
pn
qn
:=
1
c1
+
1
c2
+ · · ·+ 1
cn−1
,
with (pn, qn) = 1. Then it is well-known (cf. [A-Y]) that pnB−qnA = (−1)n;
therefore, (pn, qn) and (A−pn, B− qn) satisfy the two equations and which
is (a1, b1) depends on the parity of n. The uniqueness is easily shown.
The example of a Lupe 5-magic square in Section one is generalized as
follows.
Theorem 2. Let p, A, B satisfy (1). Let (a1, b1), (a2, b2) ∈ {1, . . . , A−
1}×{0, . . . , B} be as in Lemma 1, set qk := akA+bkB (k = 1, 2); therefore,
q1+ q2 = p. Let x and y be permutations of the set [1, p]p, i.e. be bijections
from the set [1, p]p onto itself. For k = 1, 2, define the p-square matrix
Mk := (m
(k)
ij )ij by
(3) m(1)ij := x(r((iq1 + j)), m
(2)
ij := y(r((iq2 + j)),
for (i, j) ∈ [1, p]2.
Then, for k = 1, 2, the matrix Mk is a Lupe and complete Latin square.
Furthermore, the matrix M1 ×M2 := ((m(1)ij ,m(2)ij ))ij is an Euler square,
that is the image (M1 ×M2)([1, p]2p) = [1, p]2p.
The proof will be shown in another paper.
Corollary 3. Let p,A,B,Mk be as in Theorem 2. Then, the matrix
pM1 +M2 is a complete magic square, and is of Lupe property.
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3. Diamond numbers and diamond properties
In this section we assume that p is a diamond number. Let p = (B+1)2+B2
with B ∈ N. A subset ∆ ⊂ [1, p]2p is called a p-diamond if there exists a
subset ∆ ⊂ Z2 consisting of elements
(i− B, j)
(i− B + 1, j − 1) (i− B + 1, j) (i− B + 1, j + 1)
· · ·
(i− 1, j − B + 1) · · · (i− 1, j) · · · (i− 1, j + B − 1)
(i, j − B) · · · (i, j − 1) (i, j) (i, j + 1) · · · (i, j + B)
(i + 1, j − B + 1) · · · (i + 1, j) · · · (i + 1, j + B − 1)
· · ·
(i + B − 1, j − 1) (i + B − 1, j) (i + B − 1, j + 1)
(i + B, j)
such that ∆ = {(r(u), r(v)) ∈ [1, p]2p|(u, v) ∈ ∆}. We note that the cardi-
nality of the elements in a p-diamond is p = (B + 1)2 +B2.
Definition. Let p be a diamond number. A p-square matrix M :
[1, p]2p → {0, . . . , p − 1} (resp. M : [1, p]2p → {0, . . . , p2 − 1}) is said
to be of diamond property if for any diamond ∆ in [1, p]2p the image
M(∆) = {0, . . . , p − 1}(resp. the sum of the numbers appeared on M(∆)
is cp).
Theorem 4. Let p = (B + 1)2 +B2, B ∈ N. For k = 1, 2, let Mk be as in
Theorem 2 with A = B + 1.
Then, the matrices Mk are of diamond property, and so is the matrix
pM1 +M2.
The proof will be shown in another paper.
When p = 5 we have the following.
Theorem 5. Let M : [1, 5]2 → {0, . . . , 24}.
Then, the following three conditions are equivalent:
(i) M is a complete magic 5-square.
(ii) M is of Lupe property.
(iii) M is of diamond property.
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Proof. (i)⇒ (ii):We note that
4 1 1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
+

1 1 1
1 4 1 1 1
1 1 1
1 1 1
1 1 1
+

1 4 1 1 1
1 1 1
1 1 1
1 1 1
1 1 1

+

1 1 1
4 1 1 1 1
1 1 1
1 1 1
1 1 1
+

1 1 1
1 1 1
1 1 1
1 1 1 4 1
1 1 1
 =

8 8 3 3 3
8 8 3 3 3
3 3 3 3 3
3 3 3 8 3
3 3 3 3 3
 .
Since the last matrix becomes
5

1 1
1 1
1
+ 3E5,
we have assertion (ii).
(iii)⇒ (i): Let ai, bi, ci, and di be the sums of the i-th row, the i-th column,
the i-th main diagonal, and the i-th main sub-diagonal, respectively. In
the 5-square we arrange 5 5-diamonds vertically. Then the matrix which
represents the number of appearance of diamonds is
1 3 1 0 0
1 3 1 0 0
1 3 1 0 0
1 3 1 0 0
1 3 1 0 0

etc. It follows that b0 + 3b1 + b2 = 5N etc. Generally, for five num-
bers x0, x1, x2, x3, x4, we define the (i, j)-component of a 5-square matrix
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S(x0, x1, x2, x3, x4) by (S(x0, x1, x2, x3, x4))ij := xr(j−i). Then,
S(1, 3, 1, 0, 0)

b0
b1
b2
b3
b4
 = 5N

1
1
1
1
1
 ;
therefore,
S(1, 3, 1, 0, 0)

b0 − b1
b1 − b2
b2 − b3
b3 − b4
b4 − b0
 =

0
0
0
0
0
 .
Since det S(1, 3, 1, 0, 0) = 53 it follows that bi = N for all i. Similarly
we have ai = N for all i. If we arrange 5 5-diamonds diagonally we have
2c0+c1+2c2 = 5N etc. Since det S(2, 1, 2, 0, 0) = 53, it follows that ci = N
for all i. Similarly, we have di = N for all i.
(ii) ⇒ (iii): Let di be as above. If we arrange 5 (2, 1)-symmetric pair
generally diagonally in the 5-square, we have d0 + 3d1 + d2 = 5N etc. As
in the proof of the assertion about bi in (iii)⇒ (i), we see that di = N for
all i. Since
1 1 0 0 0
1 1 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 0
+

0 0 0 0 0
0 1 1 0 0
0 1 1 0 0
0 0 0 0 0
0 0 0 0 1
−

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

is a diamond, we get assertion (iii). The proof is completed.
4. Final remarks
Recently, F. Uchida[U] shows a part of Theorem 5, (i) implies (ii), and that
any complete magic 5-square M whose (0, 0)-component is 0 is given by
152 Kazuo Azukawa
M = 5

0 A B C D
C D 0 A B
A B C D 0
D 0 A B C
B C D 0 A
+

0 a b c d
b c d 0 a
d 0 a b c
a b c d 0
c d 0 a b
 ,
where ordered numbers A,B,C,D and a, b, c, d are two permutations of the
ordered numbers 1, 2, 3, 4. It follows from this that the total number of all
complete magic 5-squares, up to magic square equivalence, is 144.
It is also well known that there are no complete p-magic squares with
p ≡ 2(mod 4).
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